IMAGINARY STANDARD LYNDON PERIODICITY
IN UNTWISTED AFFINE TYPES
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ABSTRACT. We prove that imaginary standard Lyndon words satisfy a fixed insertion formula in
every untwisted affine type and every alphabet order, by establishing the remaining classical cases
uniformly in the rank and combining them with the exceptional-type verification of Elkins and
Tsymbaliuk. The classical argument represents real blocks as greatest extensions of chain or fork
ideals: a first-endpoint comparison and a reflected raising lemma determine the word in degree 26,
after which an existing propagation theorem gives all degrees. The same analysis proves the classical
cases of imaginary-flag connectivity and, together with the previously verified exceptional cases,
completes that conjecture. A type-independent phase argument identifies the exact increasing-chain
preperiod with the initial standard prefix followed by a proper suffix of the period’s Lyndon parent.
This gives the bound 2|6| — 2 for its length and recovers the increasing positive system and its
Dynkin parent tree from the two lowest imaginary degrees. We also give polynomial preprocessing
in every untwisted type, with a sharper classical bound, and determine the primitive column lattices
and zero-weight switch bounds in the classical models.

1. INTRODUCTION

Standard Lyndon bases attach words to the positive root spaces of a Lie algebra once its simple-
root alphabet has been ordered. In finite type there is one word for each positive root, whereas in
untwisted affine type only the real root spaces remain one-dimensional. A positive imaginary root
has multiplicity equal to the finite rank, so an imaginary word must specify a position in a Cartan
flag as well as a degree. To pass from real-root periodicity to an insertion formula for imaginary
words, we must therefore control this flag position.

The standard Lyndon basis construction is due to Lalonde and Ram [6]; its recursive form in finite
type was given by Leclerc [7, Proposition 25]. Avdieiev and Tsymbaliuk extended this recursion to
affine Lie algebras and determined the words in type A [2, Proposition 3.4 and Theorem 4.7]. Elkins
and Tsymbaliuk proved convexity and monotonicity in arbitrary untwisted affine type [3], followed by
periodicity for real-root chains [4]. Their imaginary periodicity conjecture [3, Conjecture 6.26] asks
for a fixed insertion formula beginning at degree §. We establish the remaining classical cases, types
B, C, and D, in arbitrary rank. The exceptional cases were already verified for every alphabet order
by their degree-two computation and propagation theorem [3, Remark 6.29 and Proposition 6.32],
so the combination covers every untwisted type.

Fix an untwisted affine Lie algebra whose finite irreducible root system has rank n, and choose
any order on its simple-root alphabet {0,...,n}. We index the degree-kd standard Lyndon words
in decreasing lexicographic order,

SLy(k§) > -+ > SLy (k6).

Here ¢ is the minimal positive imaginary root. For a Lyndon word w, we use the standard
factorization w = w'Sw™, in which w" is the longest proper Lyndon prefix. The recursive Lie bracket
uses the other convention, the costandard factorization, defined by the longest proper Lyndon suffix.
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Theorem 1.1. Let the affine type be any untwisted affine type of finite rank n. For every alphabet
order and every 1 <1 < n, write

SL;(0) = L;R;
as a standard factorization. There is a cyclic permutation W; of SL;(6) for some j < i such that,
for every k > 1,

(1.1) SLi(ké) = LW} 'R, SLF(kd) = LW}~

Suppose further that the finite type is B, C, or D, the least letter r has coefficient two in §, and
i > 1. Write the costandard factorization as

SL;(8) = UV = UPa, pP=Vv-,

where V= denotes deletion of the final letter a. Then P has real degree, and the unique real standard
Lyndon word Q of degree § — deg P satisfies

L;=UP, R; =a, W; = QP.
Moreover, min(P, Q) max(P, Q) = SL;(0) for a unique j < i.

The initial word is given by [3, Proposition 6.25], and least letters of coefficient one are covered
by [3, Theorem 6.14]. For i > 1, this leaves the following all-rank cases,

B7(L1): 2<r<n,
07(}): 1<r<n-1,
Dg): 2<r<n-—2,

which we reduce to a uniform calculation in degree 24.

1.1. Real blocks and the degree-two calculation. Suppose that the least letter has Kac mark
two. Cutting immediately before each occurrence of this letter r in an imaginary standard Lyndon
word gives 2k real standard Lyndon blocks in degree kd. Their possible degrees belong to a finite
set independent of k; in type C', this set is a rectangle. To describe it, put

A=(r—-1,r—2,...,1,0,1,...,7r = 1), B=(r+1r+2,...,n,n—1,...,7r+1).

These palindromic arms run from r towards an endpoint and back. If GG is the greatest shuffle that
preserves the order within each arm, then the block words are

Xpq=rG(A[L:p}.Bll:q), 0<p<2r—1, 0<q<2(n—r)—1

Complementation by ¢ reflects this rectangle through its center.

The orthogonal diagrams have forks, so their blocks cannot be indexed by two chains in this way.
We instead use labeled arm posets, each with a chain of ideals except for two central choices. There
are two forks in type D, while type B has a left fork and a right chain passing through a zero-weight
state. A block is the greatest labeled linear extension of its two arm ideals, with complementation
reversing inclusion. The resulting alphabets have 4r(n — r) blocks in types C, D and 2r(2(n—r)+1)
in type B.

In degree §, the candidates are complementary concatenations UV with U < V. Their longest
proper Lyndon prefixes either stop between the blocks or end one letter before the end of V. We
show that precisely one pair has the first behavior: a greedy comparison up to the first coefficient-one
endpoint identifies it and gives SLi(d). In type B, the right half-arm must stop at zero in this
comparison (continuing past zero gives the wrong stopping rule).

For each remaining selected pair, write V' = Pa. We prove

SL;(20) = UPQPa, SL(20) = UPQP, deg P + deg Q = 6.

The main difficulty is to obtain both the word comparison and the flag position. A reflected raising
argument bounds the third block by @, treating the incomparable fork ideals separately rather
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than as consecutive chain states. We then evaluate the costandard bracket of UPQPa in the new
Cartan-flag layer. In type B, two short roots can give a zero Cartan action, but the ideal order
excludes exactly the word order in which that action would occur. The propagation theorem [3,
Proposition 6.32] then yields (1.1) in every degree.

1.2. Flags, parents, and integral structure. The exceptional-pair theorem also gives the
classical cases of imaginary-flag connectivity [4, Conjecture 4.27]: each root subsystem defined by a
Cartan-flag layer is irreducible. For a coefficient-two least letter, we obtain the successive types

Bn: Ala-“aAtflaBt,"'?Bn, ]-Stgna
Cn: Ala-“vAtflaCt)"'?Cn, 2§t§n7
Dnl Al;-‘-aAtfl;Dh"')Dnv 3§t§n

(with the initial A-sequence empty when ¢ = 1, and D3 understood as the root system isomorphic
to A3)

Let M be the square integral matrix of primitive Cartan directions of the selected degree-§
brackets, written in the standard e, coordinates. In types C, D we obtain

MZ"={z€Z":3 2, =0 (mod 2)}, |det M| = 2.

In type B, it is instead

M7Z" =7", |det M| = 1.
The difference is caused by the zero-weight state, which supplies a primitive coordinate column before
the Lyndon selection can form an unbalanced signed cycle. Once this ordering fact is established,
the usual incidence-rank and determinant calculations apply to the selected flags.

For ¢ > 1, we identify the increasing-chain preperiod as L; when @Q < P and L;Q when P < Q.
Thus the greedy construction makes either no real append or only the append @) before repeating an
imaginary word. The earlier-parent indices recover the finite Dynkin tree on the simple increasing
roots (a path in types B, C, with a possible trivalent vertex in type D).

Both the period and its parent are unique. For a coefficient-two minimum, we construct the
degree-6 words and their factors in O(n3logn) time and O(n?) space in the alphabet-comparison
model, then retain only an O(n?) factor table. A degree-kd word can subsequently be written in
O(kn) time, proportional to its length, or queried at a specified position without being expanded.

1.3. Zero-weight configurations and uniform consequences. The classical coefficient-two
blocks have the finite weights of a symplectic or orthogonal tensor representation. A multiset of
2k blocks has degree kd exactly when those weights sum to zero, and we show that at most & — 1
rectangle switches turn it into k& antipodal pairs. The bound is sharp when each side has at least k
coordinate axes. These are multiset operations, not Lie-bracket identities: the bracket calculation
must retain the insertion cut, as a rank-two example shows through a correction in the earlier flag
layer.

The finite-block and substitution arguments occupy Sections 3—4. We develop the chain model
in type C in Sections 5-10, including its flags and preperiods, then treat the fork comparison and
short-root bracket in Section 11. The parent tree and effective construction are given in Section 12;
the weight and pointed-cut interpretations follow in Sections 14-15. The supplementary programs
compare the classical construction with a separate generalized-Leclerc implementation using exact
matrix brackets (the classical proofs do not use these computations).

After invoking the prior exceptional verifications, Section 13 completes both untwisted conjectures
and derives a uniform phase formula for the preperiod. This gives |y;| < 2h — 2, the parent-tree
description, and polynomial preprocessing without further use of the chain-and-fork model: only
periodicity and connectivity enter these deductions. Twisted types are treated in the companion
note, since their degree-dependent imaginary multiplicities can require a different indexing from
that in Theorem 1.1.
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2. CONVENTIONS AND THE STANDARD LYNDON CONSTRUCTION

Numbered citations to [3] and [4] refer to the author-hosted revisions of June 19, 2025 and
August 15, 2026, respectively (see the bibliography).

We work in characteristic zero and use the rational Chevalley form for the lattice statements.
The word and flag conventions apply to all untwisted types; the coordinates through Section 10 are
those of 07(11)’ with the orthogonal coordinates specified in Section 11. Write n* for the positive
nilpotent subalgebra and equip I= {0,...,n} with an arbitrary total order. The numerical labels
name vertices of the Dynkin diagram, not their positions in this order.

We use lexicographic order, with a proper prefix smaller than its extension, and call a contiguous
subword a factor. A nonempty word is Lyndon if it is smaller than every nonempty proper suffix.
For a word w, write |w| for its length and degw for the sum of its simple-root letters, counted with
multiplicity. If the word is nonempty, w~ denotes deletion of its last letter.

For the recursive bracketing we use the costandard factorization w = w'w”, whose right factor w”
is the longest proper Lyndon suffix. Thus

b(i) = Ei b(w) = [b(w'), b(w")],

where E; are the positive Chevalley generators. The standard factorization w = w™w™ instead takes

w' to be the longest proper Lyndon prefix. Both factors are Lyndon under either convention 4,
Propositions 2.5-2.6].

A Lyndon word w is standard if b(w) is not in the span of the brackets of larger Lyndon words of
the same degree. This homogeneous form of the Lalonde-Ram construction gives a basis of nt [6,
Theorem 2.1]. We will repeatedly use its closure under Lyndon factors: every Lyndon factor of a
standard word is standard [6, Proposition 2.4 and Corollary 2.8(b)].

Write @ for the finite root system. In the type-C orthonormal coordinates,

O ={te,tep:a<blU{Et2e,:1<a<n},

and

aj=¢ —eiq1 (1 <i<n), an = 2ey, 0 = 2eq, ag=0—0.
In particular,
(2.1) d=ap+2a1+ -+ 201+ an,  h:=1[4=2n

The finite projection Pr sends d to zero and fixes the finite root lattice. Positive real roots are v 4+t
with v € T and t > 0, or —y + t§ with v € & and ¢ > 1. The remaining positive roots are k¢,
k> 1.
We denote the unique standard Lyndon word in a real degree by SL(a). An imaginary root space
has dimension n, and we index its words in decreasing order as above. For v € Q", put
H, = diag(vy,...,vn, —v1,...,—vy) € h.

For a finite root v, the element H, spans its coroot direction. In the loop realization,
Gyi0s = got°, Gs = ht".
For 0 <i < n, define
S¥ = span{b(SLy(kd)),...,b(SL;(k6))}, Sk =o0.

These flags satisfy Sf“ = tSF by [4, Proposition 3.5 and Corollary 3.6].

We use the generalized Leclerc recursion in the form of [2, Proposition 3.4]. In a real degree «, it
selects the greatest concatenation uv of standard Lyndon words satisfying u < v, degu + degv = a;,
and [b(u),b(v)] # 0. In an imaginary degree, it scans the candidates in decreasing order, retaining a
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word when its actual Lyndon bracket is independent of the brackets already retained. In particular,
for a Lyndon word w of degree kd, the condition

b(w) ¢ Sf;b
implies w < SL;(kd) by the defining greedy order. We need not establish standardness of w to use
this implication.

If the sum of two positive real roots is real, then the bracket of any two nonzero vectors in their
root spaces is nonzero. If the sum is k¢, their finite projections are opposite, and the bracket is a
nonzero multiple of the corresponding coroot direction in ht* (the central term vanishes in positive
imaginary degree).

3. A FINITE REAL-BLOCK ALPHABET

The block reduction uses only the coefficient of the least letter in §, so we begin in arbitrary
untwisted affine type. Write
0= Z a0,

jel
and let r be the least letter. An r-block is a word rA in which A contains no occurrence of r.
Theorem 3.1. Suppose that a, = m > 2. For every k > 1, each standard Lyndon word of degree

kdé has a unique factorization into km r-blocks, each of which is a real standard Lyndon word. The
possible block degrees belong to the finite set

(3.1) Rr={ved :[y:aq]=1}U{0—7:7€®,[y:a,]=m—1}.

Here ®% is the positive finite oot system obtained by deleting the distinguished affine vertez 0. In
particular, the block alphabet is independent of k.

Proof. A Lyndon word containing r starts with r, so its subsequent occurrences of r give the unique
cuts into km blocks. Each block is Lyndon because its initial letter is its only least letter, and
is standard by factor closure. Its degree is thus a root with a,.-coefficient one. Since a positive
imaginary root has «,-coefficient divisible by m, every block is real.

To list the real possibilities, observe that ag = 1, so m > 2 implies r # 0. For v € ®*, put
c=[y:a], with 0 < ¢ <m. A positive real root v+t has coefficient ¢+ tm, which is one precisely
for t = 0 and ¢ = 1. For a positive real root —v + td, where ¢ > 1, we instead require

tm—c=1.

The case t > 2 would give c=tm —1>2m —1>m,sot=1and ¢ =m — 1. We obtain (3.1),
whose two parts are disjoint by their ag-coefficients (zero and one, respectively). There is a unique
standard Lyndon word in each real degree, so the word alphabet is finite as well. O

This is the alphabet of possible blocks; a block on the list need not occur in a selected imaginary
word.

4. SUBSTITUTION AND LYNDON FACTORIZATIONS

We must check that replacing blocks by letters preserves comparison after expansion. The only
delicate case is a proper-prefix relation: the shorter block either ends the word or is followed by
another r.

Let D be a set of distinct r-blocks, ordered by their expanded words. Let

0: D" — I*
be concatenation of the expansions, including the empty word.

Proposition 4.1. The map ¢ is injective and preserves and reflects lexicographic order.
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Proof. The occurrences of r recover the block boundaries, so the map is injective. Compare the first
unequal blocks. An internal difference decides the comparison before either tail is reached. If one
block is a proper prefix of the other, the shorter side ends or continues with 7, while the longer side
has a letter greater than r. Thus the block comparison survives expansion in every case, including
when one entire block word is a prefix of the other. ]

Proposition 4.2. A nonempty block word uw € D* is Lyndon if and only if p(u) is Lyndon.

Proof. At a block boundary, the suffix comparison is preserved by Proposition 4.1. Every unaligned
suffix starts with a letter greater than r, whereas ¢(u) starts with r, so only the aligned suffixes can
affect the Lyndon condition. O

Proposition 4.3. If a Lyndon block word u has at least two block letters, then its costandard
factorization expands to the costandard factorization of ¢(u).

Proof. The final complete block is a proper Lyndon suffix of ¢(u). A longer suffix starting inside
an earlier block cannot be Lyndon, since it begins above r and contains a later r; a suffix inside
the final block is shorter. Thus the longest proper Lyndon suffix is aligned, and Proposition 4.2
identifies it with the expansion of the longest proper Lyndon block suffix. O

At least two block letters are needed here, since a one-letter block alphabet does not record
the internal costandard factorization of that block. For standard factorizations there is already a
discrepancy with two blocks. Under 1 < 0 < 2, for instance, U = 1 and V = 120 give the Lyndon
word UV = 1120, whose longest proper Lyndon prefix is 112 rather than 1.

We can still recover the standard prefix by testing every proper letter cut of the expansion. At
an unaligned cut, the complete blocks are followed by a nonempty proper prefix T of the next
block. Since T is itself an r-block, we may adjoin it to the alphabet and apply Proposition 4.2.
The admissible cut of greatest letter length gives the longest proper Lyndon prefix. Restricting to
aligned cuts instead gives the expansion of the longest Lyndon block prefix.

Let F(D) be the free Lie algebra on the block letters. The assignment of a block letter D to
b(D) € nt extends to a Lie homomorphism. By Proposition 4.3 and induction on block length, this
homomorphism sends the Lyndon bracket of a block word u to b(¢(u)). Only the bracketing is
being identified here: we assert neither injectivity of the homomorphism nor standardness of every
Lyndon expansion.

5. THE COEFFICIENT-ONE GRID IN TYPE ('
For the type-C' calculation, assume that the least letter satisfies 1 < r <n — 1, and put
s=n-—r, H=2r—-1, J=2s—1.
Write the two arm words as
A=(ay,...,ag)=(r—-1,r—2,...,1,0,1,...,r — 1),
B=(by,....b5)=(r+1r+2,...;,n,n—1,....7+1).

Thus a, = 0 and by = n (if r = 1 or s = 1, that arm consists only of its endpoint). For 0 < p < H
and 0 < ¢ < J, put

p q
dpq = o + Zo‘ai + Zo‘bj'
i—1 )

Proposition 5.1. The degrees dp 4 are exactly the positive real roots with o.-coefficient one. They
are pairwise distinct, and there are 4rs of them. Their finite projections are
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where
I 0<p<rm, L _ lertite 0<q<s,
P = 9
—€p—r+1, T <p<H, €m—r—q S<q<J.

Proof. The first r — 1 additions along the left arm move e, to ey, after which ag = & — 2e1 changes
the finite coordinate to —e; and adds one §. The return arm moves it to —e,. On the right, the
outward arm moves —e,;1 to —e,, the addition of a,, changes it to e,, and the return arm ends at
er+1. These are the displayed projections, and each d, 4 is a positive real root.

The projections range once over

{eatep:1<a<r<b<n}.

Thus they are distinct. The finite positive roots with a,.-coefficient one are exactly the short roots
crossing the cut (long roots have coefficient zero or two), so Theorem 3.1 with m = 2 exhausts the
possibilities. O

Proposition 5.2. For all grid indices,
0 —dpg=da—p.J—q-
Moreover, coefficientwise comparison in the simple-root basis satisfies
dyo <dpq <= wu<pandv<gq.

Proof. The full arms sum to § — 2a,.. By palindromicity, each terminal arm segment has the same
multiset of letters as the initial segment of that length, giving the complement formula. If v < p and
v < ¢, adding the intervening arm letters gives coefficientwise comparison. Conversely, summing
coefficients separately on the two arms gives u < p and v < q. ]

Put X, 4 = SL(dp,4). We can construct these words directly from the grid predecessors, without
considering general root decompositions.

Proposition 5.3. The grid words satisfy Xoo = r and
(5.1) Xpq = max({Xp-14ap :p > 0t U{Xp 4104 : ¢ > 0})
when (p,q) # (0,0). Equivalently,

Xpq=rG(A[L:p],B[l:q]),

where G is the lexicographically greatest shuffle preserving the order in each arm. The shuffie
is obtained by taking the larger available head. In particular, X, , strictly increases when either
coordinate increases and the other is fixed.

Proof. Deleting the final letter of X, ; leaves a Lyndon prefix, since its first letter is still the unique
r. By factor closure, this prefix is standard and has a real grid degree immediately below d, ,.
Proposition 5.2 then identifies the deleted letter as a, or by, giving the upper bound in (5.1).

Conversely, each displayed predecessor has real degree and becomes d,, , on adding the indicated
simple root, so the corresponding root-space bracket is nonzero. The predecessor begins with the
least letter and is thus smaller than the appended letter. Both candidates are admitted by the
Leclerc recursion, proving the reverse inequality.

Every shuflle ends in a final arm letter, so the greatest shuffle satisfies the same recursion. Its
greedy construction always takes the larger available head (the heads cannot tie because the arm
alphabets are disjoint). To see monotonicity, append the new arm letter to a shuffle for the smaller
grid point. This gives a proper extension of the old word, and the greatest shuffle at the enlarged
point is at least as large. O

This monotonicity concerns word order, not prefix inclusion. A prefix relation will require a
common initial greedy-shuffle history.
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6. COMPLEMENTARY PAIRS AND STANDARD PREFIXES

Since H and J are odd, the reflection (p,q) — (H — p, J — q) has no fixed point. Each of its 2rs
orbits gives two complementary words, which we order as U < V and concatenate to obtain the
candidate UV'.

Proposition 6.1. The degree-d standard Lyndon words are obtained by scanning these
complementary-pair candidates in decreasing order and retaining independent brackets. For
every candidate, its costandard factorization is U | V, and b(UV') is a nonzero coroot direction
times 1.

Proof. Theorem 3.1 gives two real blocks in every standard word of degree §. By Proposition 4.2,
they occur in the order U < V and have complementary degrees, so every selected word appears on
the list. Conversely, the concatenation of each pair is Lyndon, and Proposition 4.3 gives

b(UV) = [b(U),b(V)].

This bracket is a nonzero coroot direction times ¢, since the finite projections are opposite. An
omitted nonstandard word is spanned by earlier standard words. All of those words occur on the
list, so omitting the others does not change the greedy selections. O

The standard prefix can extend into V. Its position is determined by the following comparison.

Proposition 6.2. For two r-blocks U <V,

(6.1) UV =U = V <U
IfU <V~ then
(6.2) uv)s=uvv-.

Proof. Since V' exceeds another r-block, it has at least two letters. Every nonempty prefix T' of V
is itself an r-block, and UT is Lyndon precisely when U < T, by Proposition 4.2. The nonempty
proper prefixes of V' are nested and have greatest element V~. Thus either none extends U to a
Lyndon prefix, or UV~ is Lyndon and has the greatest possible proper length. O

Lemma 6.3. If =V~ and T <U <V, then T is a prefix of U.

Proof. A proper-prefix relation from U to T would give U < T, contrary to the hypothesis. An
internal difference between 17" and U would give T' < U and hence V < U, also a contradiction.
Thus T'=U or T is a proper prefix of U. g

7. THE UNIQUE EXCEPTIONAL PAIR

Call a complementary pair U < V' exceptional when V— < U. We locate it by restricting the
possible grid states and then following one greedy-shuffle path.

Suppose that V = X, , and U = Xg_p, j—4. If the last letter of V' comes from the left arm, then
V™~ has degree d,_1 4. Lemma 6.3 and coefficientwise comparison give

p—1<H —p, qg<J—q.

Thus p <r and ¢ < s — 1, while p <7 — 1 would give V' < U by coordinate monotonicity. We must
therefore have

(7.1) p=r, 0<g<s—1, the last letter of V is 0.
The same argument for a last letter on the right gives
(7.2) q = s, 0<p<r-—1, the last letter of V is n.

Thus at most r + s = n oriented pairs can lie on the two central seams.
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To identify the exceptional pair, greedily shuffle the initial half-arms A[1 : 7] and BJ[1 : s] until
just before the first endpoint 0 or n is emitted. Write H, for the emitted word and put 7' = rH,. If
that endpoint is 0, with ¢ right-arm letters already emitted, set

(7.3) Vi =Xrg, Us = Xo_1,7—¢, 0<g<s—1.

If the first endpoint is n and p left-arm letters have been emitted, define

(7.4) Vi=Xps, Us=Xpg ps1, 0<p<r—1

Lemma 7.1. The pair U, <V, is exceptional. More precisely, V.” =T is a prefix of U,.

Proof. Suppose that the first endpoint is 0. At the stopping point, both 0 and b,41 are available and
0> bgt1-

We may truncate the right arm after ¢ letters without changing any earlier choice, since the next
right letter was never chosen before 0. Hence V, = T0.

For Uy, the left arm ends before 0 and the right arm continues to J — ¢ > s > ¢. Its shuffle
therefore follows the same choices through T', after which the next letter of U, is by11 < 0. This
gives the prefix assertion and U, < V. Interchanging the arms gives the case where n is emitted
first. ([l

Lemma 7.2. Every exceptional pair equals U, < V.

Proof. Consider a pair on the left seam. Write
V e an = TO’ U = X’r‘—l,J—(]'

By Lemma 6.3, T' is a prefix of U. Its next right-arm letter is b,41, so the comparison U < V' implies
bq+1 < 0.

We compare the common prefix T with the half-arm shuffle. A left letter of T defeats the available
right head in the shuffle for U, where that head is present because the right prefix is longer. A
right letter defeats the available left head in the shuffie for V', whose left arm still contains 0. The
half-arm shuffle thus follows 7" and then chooses 0, since 0 > by41. Its first-endpoint rule returns
exactly this ¢ and this pair.

For a pair on the right seam, the same argument interchanges the arms and replaces 0 by n. By
(7.1)—(7.2), these are all the possible exceptional pairs. O

Lemma 7.3. The candidate U,V is strictly larger than every other complementary-pair candidate.

Proof. Suppose that the first endpoint is 0, with ¢ as in (7.3). Compare any grid shuffle with the
path producing T'. A first departure can occur only because the arm with the chosen head has been
exhausted: the word then ends at a proper prefix of T', or takes the smaller head on the other arm.
Hence a grid word either begins with 7" or is smaller than 7', and in the latter case is smaller than
U..

Now take complementary blocks both beginning with 7. Each uses at least r — 1 left letters, so
their left counts, which sum to 2r — 1, are r — 1 and r. Each also uses at least ¢ right letters. The
block with left count r — 1 therefore has right count at most J — ¢ and is at most U, by monotonicity.
Equality identifies it as U, and its complement as V. Every other pair has smaller first block than
U., which gives the concatenation comparison by Proposition 4.1.

If n is the first endpoint, use right counts s — 1, s instead and bound the left count of the block
with right count s — 1. O

Theorem 7.4 (Central-seam theorem). There is exactly one exceptional complementary pair. It is
given by the first-endpoint rule (7.3)—(7.4), and

SL1(8) = U, V.
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Its standard and costandard prefives both equal U,. For everyi > 1, the costandard factorization
SL;(8) = U;V; satisfies

(7.5) SLE(§) = U;V;™,  SLI(8) = the final letter of V;.

Proof. Existence and uniqueness follow from Lemmas 7.1 and 7.2. By Lemma 7.3 and Proposition 6.1,
the nonzero bracket of U,V is selected first. Applying Proposition 6.2 gives the stated standard
prefixes. (|

The boundary cases r = 1, s = 1, and r = s = 1 are included: a half-arm may consist of one letter,
but the first-endpoint rule still compares distinct available letters. The argument never commutes
letters between the arms.

8. IMAGINARY FLAGS AND SIGNED INCIDENCE GRAPHS

For each selected word SL;(d) = U;V;, let v; be a primitive integral vector in its Cartan-bracket
direction. The finite root Prdeg U; is short and crosses the cut at r, so we can choose

V; = e, — O€yp, 1<a<r<b<n, oe{l,—1}.
The overall sign of a column is immaterial. Put
Vi = spang(v1, . . ., v;).

Then S} = Vjt after extension of scalars. We encode the first i columns by a signed bipartite
multigraph G;: the column e, — gep gives an edge from a to b of sign o. Connectivity will always
refer to the used vertices, with isolated unused vertices disregarded.

Proposition 8.1. For every 1 <i < n, the graph G; is connected on its used vertices.

Proof. The graph begins with one edge. Suppose that connectivity first fails at step i > 1. As G;_1
is connected, both endpoints a, b of the new edge lie outside its used vertex set S, so

(8.1) Vi="Vii1©Qeq — oey), Vi1 € Q°.
By Theorem 7.4, the standard factorization has the form

with ¢ # r a single letter. The factorization theorem for imaginary flags [4, Proposition 3.10 and
Corollary 3.11] gives

[b(Li), Ec] € S} \ Si_1.

This bracket has Cartan direction o). For ¢ = 0 or ¢ = n it is supported at a single endpoint; for
an internal ¢ # r it is supported on adjacent coordinates on the same side of the cut at 7.

But every vector in V; \ V;_; has nonzero coordinates at both a and b by (8.1). These coordinates
lie on opposite sides of the cut, contradicting the support of the simple coroot direction. O

We use the usual signed-incidence rank calculation. A connected signed graph is balanced if every
cycle has edge-sign product 1, and unbalanced otherwise.

Lemma 8.2. For a connected signed graph on t vertices, the matrix with columns e, — oep has rank
t — 1 in the balanced case and rank t in the unbalanced case.

Proof. The left-kernel equations are x, = ox along the edges. Once one coordinate is fixed,
connectivity determines all the others. If every cycle product is 1, that coordinate is free and the
kernel is one-dimensional. An unbalanced cycle forces it to equal its negative, hence to vanish in
characteristic zero, so the kernel is trivial. ]
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For each flag layer, define the finite root subsystem
®; ={a € ®(C,):a¥ eV}
Roots and coroots have the same directions, so membership can equally be tested with «.

Theorem 8.3. For an internal least letter, there is an integer 2 <t < n such that the successive
root subsystems ®; have types

A17A27 s )At—17CtaCt+17 s -’Cn-

In particular, every ®; is irreducible. The connectivity property for the imaginary Cartan flags holds
for every alphabet order in type CS).

Proof. The columns are independent, and the graph is connected by Proposition 8.1. A connected
graph on u vertices has at least u — 1 edges, while Lemma 8.2 permits at most v independent
columns. Thus the graph is either a tree or an unbalanced unicyclic graph.

For a tree, we may change coordinate signs along paths from a fixed vertex so that every column
is a coordinate difference. These columns span the coordinate-sum-zero hyperplane on the used
vertices, whose roots are precisely the differences. This gives type A, _1.

The first cycle is unbalanced, so the columns then span the full coordinate space on its ¢ vertices
and give the subsystem C;. Each subsequent independent edge introduces one new vertex: an edge
between old vertices is dependent, and one between two new vertices violates connectivity. The
later subsystems are therefore Cyy1,Ciya,.... The final rank n forces a cycle to occur and all n
vertices to be used, while bipartiteness gives ¢ > 2.

This treats internal least letters. For a least letter 0 or n, connectivity is [4, Lemma 4.31], so
every alphabet order is covered. O

The implication from a discrepancy of standard and costandard prefixes to flag connectivity is
also given in [4, Proposition 4.28]. Here the support calculation proves it directly in type C (the
signed-graph model and its rank formulas are classical; see [9, 1]).

Theorem 8.4. For an internal least letter, let M be the n x n matriz with primitive columns
Vi,...,Un. Then

n
|det M| =2, MZ":{ZGZ”:ZZGEO (m0d2)}.
a=1
Proof. The final graph is connected, unbalanced, and unicyclic. A determinant expansion at a leaf
removes a row and a column with entry £1, so successive expansions reduce to the cycle. This
includes a two-edge cycle of parallel edges, and in either case its determinant is, up to sign,

1— [ ee=2
e on the cycle
Every column has even coordinate sum, giving containment in the parity lattice. Since both lattices
have index two in Z", the containment is equality. ]

Primitivity is essential in this statement: nonunit factors in the actual Lyndon brackets can
change the determinant of the unnormalized coefficient matrix.

9. THE PARENT AND PREPERIOD IN RANK TWO

The smallest internal-minimum example illustrates the insertion phase and the distinction between
period and preperiod before the general degree-26 argument.
Taken=2,r=1,and 1 < 0 < 2. The grid words are

1, 10, 12, 120,
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and the complementary-pair candidates, in decreasing order, are
1012 = (10)(12), 1120 = (1)(120).
There are exactly three Lyndon words of degree 6 = a9 4+ 2a1 + ao:
1012, 1120, 1102.

A Lyndon word here begins with 1. Among the six permutations of the remaining letters, those
ending in 1 fail the suffix test, and 1210 exceeds its suffix 10. The three displayed words satisfy the
test.

In the ordered symplectic basis (e1, e2,e—_1,e_2), choose
By = E12 — Ey3, Ey = Fyy, Ey =tE31,

where E,; are matrix units. Direct multiplication gives

b(10) = —t(Ey41 + Es2), b(12) = E14 + Eos,
b(112) = 2E43, b(1012) = tdiag(1,1,—1,—-1),
b(1120) = tdiag(1,—1,—1,1), b(1102) = 0.

In the last calculation, the costandard suffix of 1102 is 102, with zero bracket since [Ey, Fa] = 0.
The two nonzero diagonal directions are independent, giving

(9.1) SL;(d) = 1012, SLa(6) = 1120.
The longest proper Lyndon prefix of 1120 is 112, so
(9.2) U=1, P =12 R=0, Lo =UP =112.

The complement of P is () = 10. Thus the parent is QP = 1012, not PQ) = 1210.
We can identify the increasing-chain preperiod separately from the following list of shortest
positive lifts and their standard words.

Finite projection Shortest affine degree Word

€] — €9 a1 1
262 (6%) 2
e1 + e a1+ ao 12
2eq 201 + o 112
—261 (7)) 0
—€1 — €9 oo + o1 10
—e1 + e oo + a1 + Qs 120
—2e9 ap + 20 110

Here a real-root chain is increasing when its standard words increase under addition of §. The
increasing chains form the positive system

{e1 — ez, —2e2, —e1 — e, 2e1 },
with simple roots

p1 = —e1 — ez, B2 = 2e;.

The remaining positive roots are f; + 2 and 231 + B2. Since V1 = Q(e1 +e2), the coroot directions of
01, B2 first enter flag layers one and two, respectively. The first imaginary direction acts nontrivially
on gg,, because

(261,61 + 62) =2#0.
Thus, in the notation of [4], My (52) = (9, 1).
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The degree of Lo projects to the simple increasing root 2. Connectivity and [4, Definition 6.10
and Corollary 6.15] give the preperiod

(93) Y2 = L2 =112.
One can also check directly that no real append is allowed. The decreasing roots are
—ej +e9, 2e9, e;+e, —2eq.

Adding 2e; gives the decreasing root e; + e2, two nonroots, and zero, respectively. None is an
increasing root with the required flag index. The maximal-append characterization [4, Lemma 6.9]
excludes the need to test increasing real appends separately.

Thus y; differs from (U P)Q = 11210, in both length (three rather than five) and degree (2a1 + g
rather than o + 3aq + a3). The period is QP = 1012, and Theorem 1.1 gives

SLy(kd) = 112(1012)* 0.

In the eventual-prefix notation of [4, Lemma 6.45], the terminal prefix is empty and x = 1, since
|y2| =3< h=4.

10. THE DEGREE-2J CALCULATION AND PERIODICITY

Fix an internal least letter r and an index ¢ > 1. By Theorem 7.4, we may write
(10.1) SL;(0) =UV = UPa, P=V", L;=UP, U<P<YV,
where a # r is a single letter and |L;| = h — 1. The words U, P,V are real grid blocks. Let @ be the
unique grid block satisfying
(10.2) deg@Q = —deg P = degU + .

By the grid recursion, @ > Ua > U. We also have P # @, since otherwise 2deg P = §, contradicting
the odd ag-coefficient of 6.
We will establish

(10.3) SL;(20) = UPQPa,  SL¥(26) = UPQP.

For the upper bound, we compare reflected shuffles. For the reverse bound, we evaluate the proposed
word in the ith flag quotient; these two steps precede the identification of its parent.

10.1. Chain and flag inputs. For a finite root 3, let Hg denote its coroot direction. For a real
affine root «, write m1(a) = (4,7) when

HPrat € Sjl \ S}fl'

Write Mi(a) = (6, 7) if j is the first index at which b(SL;(6)) acts nontrivially on the real root space
of a. Both indices depend only on the finite projection, and flag stability gives the same integer
labels in degree kd. This agrees with [4, Definitions 3.2-3.3].

The real-root chain ch(«) consists of the positive real roots with finite projection Pra. Its
standard words are strictly increasing or strictly decreasing under addition of § [4, Proposition 3.16].
We need two consequences for prefixes. Every nonempty proper Lyndon prefix of an imaginary
standard word is real and belongs to an increasing chain [4, Corollary 4.24(3)]; if a real standard
word in such a chain begins with L;, its degree has mj-index i [4, Lemma 6.7]. For every k > 1, the
prefix SL(k6) is the greatest real standard word of a degree a satisfying

la| < kh, ch(«) is increasing, mi(a) = (9,1)
by [4, Lemma 6.14]. We also have
SL;(0) > SL;(2d) > SL;(36) > ---
by [4, Lemma 3.21].



14 PRANAVA KUMAR, ABHIJAY GANGARAPU, AND MANOLIS KELLIS

In particular, L; is increasing and has mj-index i by [4, Corollary 3.11]. These chain and flag
results do not require the parent identification or the degree-24 formula.

10.2. A reflected shuffle comparison. Let A =a;---ag and B = by - - - by be words over disjoint
alphabets, and put

F(p,q) = G(A[L: p], B[1: q]).
The arm letters may repeat, and empty prefixes are allowed. Since the arm alphabets are disjoint,
F' is obtained by taking the larger available head and is strictly increasing in either coordinate.

Lemma 10.1 (Truncation). Suppose that p > 1 and

F(p,q) = F(p—1,q)ap.
Then, for every 0 <t < g,
F(p,t) = F(p—1,t)a,.

Proof. Run the two greedy shuffles together until the right prefix of length ¢ is exhausted. Their
choices agree up to that point. If the shorter shuffle chose a, while a right letter remained, the
longer shuffle would make the same choice, contrary to its final letter being a,. Thus a, is last in
the shorter shuffle as well. Removing this final left letter changes none of the earlier choices, giving
the claimed factorization (for ¢t = 0, this is just the factorization of the left prefix). O

Lemma 10.2 (Simultaneous extension). Let 1 <e,d < H, 0 < q,v < J, and suppose that

(10.4) Qe = Qg = a, F(e,q) = F(e —1,q)a, F(e—1,q9) > F(d—1,v).
For every 0 <t < J,
(10.5) Fle-1,t)<F(d—-1,v) = Flet)<F(d,v).

Proof. Put S = F(e—1,t) and T = F(d— 1,v), and suppose that S < T. By the strict inequality in
(10.4) and coordinate monotonicity, we have t < ¢q. The truncation lemma 10.1 gives F'(e,t) = Sa.

When e = d, monotonicity gives ¢t < v and proves the assertion. We may thus assume e # d. The
distinct left-arm counts give S # T', hence S < T. If the comparison is decided inside the words,
then Sa < T'a. Otherwise S is a proper prefix of T', and its smaller left count gives e < d. After
S, the next left head available to the shuffle for T" is a. = a, so the next letter chosen is at least a.
Hence Sa <T < Ta.

We have Sa < Ta in either case. Since ag = a, appending a to T' gives an admissible shuffle of
A[l : d] and BJ[1 : v], and therefore F(e,t) = Sa < Ta < F(d,v). O

We now use the palindromic arms to place this comparison at complementary grid points.

Corollary 10.3 (Reflected extension). Suppose that U = X, ,, put p=H —u and ¢ = J — v, and
assume that

V =X,4=Pa, P=X, 14,>U, a = ap.
Then Q = Xyt1, and, for every 0 <t < J,
(10.6) Xp-1: <U = Xp: <Q.
There is an analogous assertion with the two arms interchanged when a is a right-arm letter.
Proof. By complementation, () = X,11,. Palindromicity of the left arm gives
ap = A —y = Qy+1-

Delete the initial r and apply Lemma 10.2 with e = p and d = u + 1. Its strict inequality is P > U,
and its final-letter hypothesis is the factorization V' = Pa. Restoring r gives (10.6). The right-arm
assertion follows by interchanging A and B. O
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10.3. The first two blocks are forced.
Lemma 10.4. For every k > 2, the first two complete r-blocks of SL;(kd) are U and P.

Proof. The roots kd — a, and deg L; = § — o, belong to the same increasing chain and have the
same m-index. Applying the maximal-prefix characterization and both monotonicity statements
from Section 10.1, we obtain

(10.7) Li < SL(k6 — o) < SLE(kd) < SL;(kd) < SL;i(0) = Lsa.

A word strictly between L; and L;a must begin with L;, since a difference before the end of L;
would place it below both or above both. Thus SL;(kd) begins with UP.

Let b be the next letter. We claim that b = r. Otherwise L;b is Lyndon by Proposition 4.2: its
two blocks are U and Pb, with U < P < Pb. Factor closure then makes it standard. For b # a, its
degree is

6 — g + ap.
If a, b are finite labels, the projection ap — o, has mixed signs in the simple-root basis and is not a
root. At a = 0 the projection is 6 + oy, and at b = 0 it is —(0 4 «), neither of which is a root. The
degree is nonimaginary in each case, so standardness is impossible. For b = a, we would instead
have an imaginary proper Lyndon prefix, contrary to [4, Corollary 4.24(3)]. Hence b = r, and the
second complete block is P. U

10.4. An upper bound for the third block. In degree 2§ there are four complete r-blocks. By
Lemma 10.4, we may write

(10.8) SL;(26) = UPST.
Lemma 10.5. The third block in (10.8) satisfies S < Q.

Proof. Suppose for a contradiction that S > (). Since P > U and ) > U, the prefix UPS is
Lyndon. It is therefore real, standard, and increasing, and its initial segment L; = UP gives
mq(degUPS) = (4,1).

We first treat a left-arm letter a. Write

U= Xu,v: b= H — u, q= J — v, P = Xp—l,q7 Q = Xu—l—l,vy S = X[,t-
Put x =z, ¥’ = xyy1, and vy =2’ — 2 = Pra,. As P complements @, we have
(10.9) Prdeg(UPS) =zp+ 2z — 2’ + 2.

The right component z; is a single signed coordinate. For (10.9) to be a type-C root, its left
component must also be a single signed coordinate.
For an internal left-arm letter, z and z’ have distinct coordinate supports. The only possible

cancellations are z; = 2’ and zy = —x. At a = 0 we have 2’ = —z, so the left component is z, + 2x
and the only possibility is zy = —x = 2’. Thus in all cases
(10.10) {=u+1 or {=p.

The two rows coincide at the long endpoint when appropriate.
In the first row, deg .S — aq = dy; in the second, it is d,—1 . Call this grid root R, so that

deg(UPS) =0+ R.

By chain invariance, R is increasing and has mq-index i. A grid root has height less than h, so the
maximal-prefix characterization at k = 1 gives

(10.11) Xpr<L;=UP.
For a single block, the inequality Xz < UP is equivalent to Xr < U, by Proposition 4.1.
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If £ =u+1, we have X, ; < X, ,,, which forces t < v and hence
S = Xqul,t < Xqul,v = Q

If ¢ = p, then X,_1; < U and Corollary 10.3 gives S = X,,; < Q. Both alternatives contradict
S > Q.

For a right-arm letter, interchange the two coordinate sets and the two arms. The same cancellation
restricts the column of S to the successor column of U or the reflected column of V. The first is
handled by coordinate monotonicity, and the second by the right-arm assertion of Corollary 10.3.
At a = n, the signed right coordinates are opposite, as the left coordinates were at a = 0, so the

endpoint gives the same contradiction. O
Corollary 10.6. For Z =UPQV = UPQPa,
(10.12) SL;(20) < Z.

Proof. If S < @), we compare at the third block using Proposition 4.1. If § = @, the remaining
degree is deg V', and uniqueness of the real standard word gives T'= V. ]

10.5. The bracket in the new flag layer. The upper bound alone does not establish standardness.
To obtain the reverse inequality, we compute the costandard bracket of Z in the ith flag quotient.
Put

¢ =PrdegU, w=PrdegP, n=PrdegQ, v =PrdegV, ~=Pra,.
By complementation and (10.2),
(10.13) v = —¢, T = -1, n—§&=r, deg(UP) = 6 — ayg, deg(QV) = 4§ + ag.
Since U is smaller than each of P,Q,V, the word Z is Lyndon. We can compute its costandard

factorization in the block alphabet by Proposition 4.3.

Lemma 10.7. The word Z = UPQPa satisfies
b(Z) € S2\ SZy.

Proof. There are three possible orders of P,Q, V.
Case Q < P. We have U < Q < P < V. The longest proper Lyndon suffix is QV: the longer suffix
PQYV is not Lyndon, since it exceeds its suffix beginning with ). Thus
(10.14) b(Z) = [b(UP), [b(Q),b(V)]].
Here UP = L; is real and standard, and the inner bracket is nonzero in the real degree § + ;. The
outer bracket pairs opposite finite roots by (10.13), so it is a nonzero multiple of H7t2.

The standard factorization SL;(d) = L;a also gives

b(Le), B € 51\ Sy

by [4, Proposition 3.10]. This bracket has direction H,t, so flag stability places (10.14) in S? \ SZ ,
Case P < @ < V. The longest proper Lyndon suffix is PQV, whose costandard factorization is
P | QV. Hence
(10.15) b(Z) = [B(U), [b(P), (@), (V)]
The inner bracket is nonzero in degree é 4+ «,. Bracketing with P gives a nonzero vector of real

degree § +deg V', and then bracketing with U gives a nonzero multiple of HEtQ. The selected bracket
b(UV) has direction H¢t, so flag stability gives the required layer.

Case P <V < @. The longest proper Lyndon suffix is again PQV, but now its costandard
factorization is PQ | V. Thus

(10.16) b(Z) = [b(U), [[b(P), b(Q)], b(V)]]-
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The bracket [b(P),b(Q)] is a nonzero multiple of H,t. It acts nontrivially on b(V') precisely when

(m,v) = (n,8) #0.
For an internal letter a, the roots v, &, n are all short. Taking squared lengths in nn — £ = y gives

2=2+2-2(n,%),

so (n,€) = 1.
The endpoints cannot occur with this word order. Indeed, at a =0 we have p=r and u =7r — 1,

and
P = Xr—l,q >U = XT—l,U
implies ¢ > v. Hence
Q = Xr,v < Xr,q = V7
contrary to V < Q. At a = n, the same argument interchanges rows and columns. Thus (10.16) is
always nonzero in this case, and its outer bracket is a nonzero multiple of H§t2 in the required layer.

The remaining equalities are impossible: Q = V would give P = U by complementation, and
P = @ was excluded after (10.2). O

By the greedy comparison in Section 2, we now have Z < SL;(20). Combining this with
Corollary 10.6 proves the first identity in (10.3). The prefix UPQP is Lyndon because its first block
is smaller than the others, and its length 2h — 1 is the greatest possible proper length. This gives
the second identity, with standardness of the prefix following from factor closure.

10.6. The earlier parent and all imaginary degrees.

Theorem 10.8. There is a unique j < i such that
P, < P,
(10.17) SL;(0) = « @
PQ, P<Q.
In particular, QP is a cyclic permutation of an earlier imaginary standard Lyndon word.
Proof. We have shown that Z = UPQPa is standard. For P < @, its middle factor PQ is Lyndon
of degree §. For ) < P, use the factor QP formed from () and the prefix P of the final block Pa.

This is again Lyndon of degree 9§, so factor closure makes the indicated word standard in either case.
Both P and @ exceed U. By Proposition 4.1, the parent thus exceeds UV = SL;(J) and has an

index j < i. That index is unique. O
Theorem 10.9. For every order on {0,...,n}, every 1 <i < mn, and every k > 1, the standard
factorization SL;(6) = L;R; satisfies

(10.18) SL;(kd) = LiWw}™'R;,  SL¥(ké) = LW},

where W is a cyclic permutation of SL;(0) for some j < i. For an internal least letter and i > 1,
the formula is

(10.19) SL;(kd) = UP(QP)*ta,  SLE(ké) = UP(QP)* !,

with the earlier parent given by (10.17).

Proof. For an internal least letter and ¢ > 1, both degree-2¢ identities have been proved, with QP a
cyclic permutation of the required earlier word. We may therefore apply the propagation theorem
[3, Proposition 6.32] to obtain (10.19) for every k > 1.

For ¢ = 1, use [3, Proposition 6.25], which gives (10.18) with W; = SL1(J). A least letter 0 or n
has coefficient one in d, so [3, Theorem 6.14] gives the formula with

This accounts for every order and index in type C', proving the corresponding part of Theorem 1.1. [
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10.7. The increasing-chain preperiod. We obtained the earlier parent in Theorem 10.8 by factor
closure. To relate it to the increasing-chain construction, we now determine which real words, if
any, are appended before that construction begins to repeat its imaginary parent.

The finite roots with increasing chains form a positive system. Following [4, Section 4], index
its simple roots f1,..., 5, by mi(8;) = (d,7). The construction of [4, Lemma 6.9] starts at L;
and repeatedly appends the greatest standard Lyndon word v with nonzero bracket and resulting
real degree in an increasing chain of mi-index 4. Its real appends form a nonincreasing sequence
v1,...,UN—1, after which it repeats SL(M;(degy;)), where

yi = Liv1 - uN—1

is the preperiod of [4, Definition 6.10].
By Theorem 8.3 and [4, Lemma 6.11], the degree of y; lies in ch(3;). Put

B = SL(M;(5,)), k =min{k > 1: |y;| < kh}.

The eventual-prefix formula [4, Lemma 6.45] gives a fixed prefix w of B, possibly empty, such that
for every k > k,

(10.20) SLE (k) = y; B¥ "w.
Theorem 10.10. For an internal least letter and ¢ > 1, the increasing-chain parent and preperiod
are

order ‘ parent B ‘ preperiod y; ‘ Bi

(10.21) Q<P QP L; Prdeg L;
P<Q PQ L;Q PrdegU.

Thus there are mo real appends in the first case, and exactly the append ) in the second case.

Proof. Write y; = L;c, where ¢ = vy - - - vy_1 is the nonincreasing concatenation of the real appends.
Comparing (10.20) with (10.18) on arbitrarily long initial segments and canceling L;, we obtain

(10.22) (QP)™® = cB™.

Since B and QP both have degree § and length h, this makes B a cyclic rotation of QP. A degree-d
word contains exactly one 0, so QP is primitive and all its h rotations are distinct.

A Lyndon rotation begins with the least letter r, which occurs twice. Thus only QP and PQ are
possible. By Proposition 4.2, the rotation with smaller first block is the Lyndon one, giving the
parent in (10.21).

If @ < P, then B = QP. The phase of the unique 0 in (10.22) gives |¢| =0 (mod h), so ¢ = B*
for some z > 0. The canonical factorization of a word into nonincreasing Lyndon words is unique
[4, Proposition 2.7]. Comparing the real appends in ¢ with these z imaginary factors forces z = 0.
There are no real appends, and y; = L;.

If P < @, then B = PQ, and the phase in (10.22) gives

le] =|Q] (mod h), c=Q(PQ)*

for some z > 0. Since @) > PQ, the factors @, B, ..., B are already in nonincreasing Lyndon order.
Uniqueness of the factorization again excludes the imaginary factors, giving z = 0 and ¢ = Q). Thus
Q is the sole real append and y; = L;Q.

The finite projection of degy; is B;. In the first case it is Prdeg L;, while in the second we have

deg(L;Q) = degU + 4,
and hence projection Prdeg U, as in the final column of (10.21). O

Thus the greatest eligible real append in the greedy construction is () exactly when P < ). The
degree-2§ argument did not require this identification.
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10.8. The pointed statement in the flag quotient. The degree-two calculation can also be
expressed directly in the ordered flag quotient. For Z; = UPQPa, it gives

(10.23) b(Z;) € S?\ S7 4, b(w) € S?, for every Lyndon w > Z; with degw = 24.

The first assertion is Lemma 10.7. The second follows from Z; = SL;(26), proved in Theorem 10.9,
and the defining greedy order. Thus Z; is the greatest Lyndon word with nonzero image in the ith
quotient. Its Cartan direction is I—Lyt2 for Q < P and Hth for P < @, in each case up to a nonzero
scalar. This statement retains the word order and insertion cut (equal block-weight sums need not
give equal brackets).

11. THE ORTHOGONAL TYPES

Two properties of the type-C grid enter the proof: complementation reverses the coefficient order,
and reflected edges with the same simple-root label satisfy a raising comparison. In the orthogonal
types, the coefficient order has a diamond at each fork rather than being a product of chains. We
replace grid intervals by arm ideals and prove the comparison at the two incomparable states. A
separate short-root calculation handles the remaining type-B bracket.

11.1. Roots and arm ideals. We use B,, for n > 2 and D,, for n > 4, with
O(B,) ={xestep:a<blU{te,:1<a<n}, ®(D,,) = {£eqs ey :a<b}.
For ¢ < n, put ; = e; — e;41. The remaining simple root is «,, = e, in type B and «,, = e,—1 + €,
in type D. In both types, 8 = e; + e2 and ag = 0 — 6. Thus
(11.1) 0 = ag + a1 + 209 + -+ - + 20, hg = 2n,
(11.2) Op =g+ a1+ 209 + -+ 20p_9 + p_1 + Quy, hp = 2n — 2.

We keep the word, bracket, and flag conventions of Section 2. In the usual (2n + 1)-dimensional
realization of type B, H, has an additional final zero entry. The least letters of coefficient two are

2<r<n (By), 2<r<n-2 (D), s=n-—r.

To retain both choices at a fork, we use a labeled poset rather than a single arm word. For
c=cy--- ¢y and distinct labels a, b, let

Flea,b)=c1 < <cm<{aby<d, < <d.

The nodes in braces are incomparable, with every preceding node below both and every following
node above both. Each primed node c; carries the label ¢;. The stem may be empty. The ideals
form a chain apart from the two choices consisting of the stem and one fork node; we write C(c) for
a labeled chain.

Take the left and right arms to be

(11.3) A=F((r—1,r—2,...,2);0,1),
(11.4) Bp=F({(r+1,r+2,....n—2);n—1,n),
(11.5) Bg=C(r+1,...,n—1,nnn—1,...,r+1).

The right arm is empty when r = n in type B. Reversal of a chain, or reversal of the two stems of a
fork while fixing its fork nodes, gives a label-preserving order-reversing involution 7. For an arm
ideal I, define

I'=A\7(I) or I"=B\7(),

as appropriate. This is again an ideal. We write A(I) for the sum of the node labels as simple roots,
counting repeated labels twice.
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Proposition 11.1. The positive real roots with «,.-coefficient one are precisely
(11.6) dr.g = oy + A1)+ A(J), IeJA), JeJ(B),
where J denotes the set of order ideals. These degrees are distinct and satisfy
(11.7) 0 —dr g =dr g

Their finite projections form the sets

Op={z+z:ve{tes:a<r}, z€{xe,:b>r}},
Qp={x+z:xe{tes:a<r}, z€{0}U{xey:b>r}}.

In particular, there are 4rs blocks in type D and 2r(2s + 1) in type B.

Proof. The left stem takes e, to ea. Adding the fork label 1 gives e, while adding 0 gives —e; and
contributes one . Adding both gives —es, and the return stem ends at —e,.. Thus the left ideals
run through the signed left coordinates exactly once.

In type D, the right stem takes —e,4+1 to —e,—1. Its two fork choices give —e, and e,, while
adding both gives e,_1, followed by the return to e,11. The type-B chain instead runs through

—€r41, .- '7_671)0) €nye-vy Cryl-

The two successive additions of «,, = e, pass through the zero state (when s = 0, zero is the only
state). In each case the calculation shows that the degrees in (11.6) are positive real roots, and
their finite projections determine both ideals.

The finite positive roots of coefficient one are the crossing roots e, & €3, together with e, for a < r
in type B. Their complements give all remaining block degrees by Theorem 3.1, so the displayed
lists are exhaustive. The two full arms sum to § — 2a., and 7 preserves labels, giving (11.7). O

Put X(I,J) = SL(dr,s). Ideal inclusion is equivalent to coefficientwise comparison of the label
counts: repeated labels occupy comparable nodes, while the two incomparable ideals contain different
fork labels. Thus coefficientwise comparison of the block degrees is exactly inclusion in each arm.

Lemma 11.2. The word X (I, J) isr followed by the lexicographically greatest labeled linear extension
of I U J. It is obtained by choosing the greatest available label at each step. Enlarging either ideal
strictly increases the word.

For a fized ideal in one arm, the word order on ideals in the other arm is independent of the fized
ideal. It is the inclusion order, with the two incomparable fork ideals ordered by their fork labels.

Proof. Delete the final letter of a standard r-block. Its standard prefix is again an r-block, so
Proposition 11.1 identifies the deletion with removal of a maximal node of one ideal. Conversely, each
such predecessor has real degree and brackets nontrivially with the deleted simple root. Induction
in the generalized Leclerc recursion now identifies X (I, .J) with the greatest linear extension. The
greedy choices have no ties: the arms use disjoint alphabets, fork labels are distinct, and repeated
labels occur at comparable nodes.

Restricting a greatest linear extension to an order ideal gives the greatest extension of that ideal.
Indeed, a deleted node cannot precede a retained node in the poset, so every available retained
node was available at the corresponding step of the original extension. The retained greedy choice
is therefore unchanged. At the first deleted node, its label exceeds the next retained label, or the
retained word has ended. This gives strict monotonicity under enlargement.

Only the two fork ideals are incomparable. Replacing the smaller fork label by the larger one in
any shuffle gives an admissible shuffle for the other ideal and increases the word. The comparison is
independent of the fixed arm. O
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11.2. The first endpoint. To find the complementary pair with aligned standard prefix, run the
greedy extension along the outward stems. As soon as a stem is exhausted, expose its two fork
labels and stop when either is chosen. For type B, whose right arm has no fork, stop exposing right
nodes after the first n, at the zero state. The left fork still ensures termination, including when the
right arm is empty.

Write T for r followed by the emitted labels before the stopping letter a. If (I,.J) are the ideals
obtained on adjoining a, set

(11.8) Vi=Ta=X(I,J), U, =X(I*J.

Theorem 11.3. Among all complementary pairs U <V in types B and D, there is exactly one
satisfying V— < U. It is the pair in (11.8), and its candidate is the greatest one. Hence

SL1(0) = U, V.
For every i > 1, the costandard factorization SL;(6) = UV satisfies
(11.9) SLE(0) =UV~,  SLI(8) = the final letter of V.

Proof. Both fork letters were available, so the chosen letter a exceeds the other letter b. The
complementary ideal uses b in place of a. Its shuffle agrees with T: any additional head from the
other arm was available in the outward shuffle and lost every comparison before a. At the type-B
zero state the complement is also zero, so there is no additional right head. After T', all heads
available for Uy, including b, are smaller than a. Thus T is a prefix of U, < V.

Conversely, suppose that V = Ta and V- < U < V. By Lemma 6.3, T is a prefix of U. It
contains no fork label, since each has coeflicient one in d, and it contains each repeated stem label
at most once. In type B the same restriction holds for n. Thus T reaches outward states, with the
right state in type B no farther than zero.

We claim that a is a fork label. Otherwise it has coefficient two in § and cannot occur in T, since
T and Ta together would then contain it at least three times. Its first occurrence is available after
T in the ideal for V. It is also available in the complementary ideal for U, which still contains an
occurrence of a. Hence the next greedy label of U is at least a, contradicting U < V = Ta.

Each outward head needed to compare the shuffles is present in at least one complementary ideal.
Since both words follow T, a head larger than its next letter would contradict the greedy choice in
the word containing that head. At an exposed fork, V' contains @ and U contains the other fork
label, so both labels are accounted for as well. The outward shuflle therefore follows T" and then
chooses a, proving uniqueness.

For maximality, suppose that both blocks of another complementary pair are at least U,. They
must follow the outward shuffle through T at a first departure there is no larger head, while a
smaller head or an early end would put the block below U,. The only possible extra head is a second
n after zero in type B. But both blocks have then followed a prefix containing n, so neither can use
that extra head without exceeding its total coefficient two.

At the stopping fork, both blocks contain the outward stem. Neither uses a return node, since
its repeated label has already appeared in each block. Thus their fork subsets are either empty
and full, or the two singletons. One of these subsets is contained in {b}, the subset used by U,.
The corresponding block’s other ideal is contained in the complement of the other ideal of Vi,
because both blocks contain the outward prefix. By Lemma 11.2, this block is at most U,. Equality
determines both ideals and hence the complementary pair. Every other candidate has a smaller first
block.

The candidates are complementary real blocks with nonzero coroot brackets, so Proposition 6.1
applies and the greatest candidate is selected first. Proposition 6.2 then gives (11.9). ]

The standard and costandard prefixes thus differ for every noninitial selection. By [4, Propo-
sition 4.28], this proves irreducibility of every imaginary root-flag subsystem in types B, D for
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coefficient-two minima. The coefficient-one case is [4, Lemma 4.31]. Together with Theorem 8.3,
these results establish classical flag connectivity, as needed for the preperiod calculation.

11.3. A raising comparison across a fork. Write /T = I + a for an arm cover I C I with
added label a (only the node on that cover is added). The opposite cover is

(11.10) I —1I+a, K=(I+a)— K+a=1I".

The sources I, K are comparable by inclusion, as are their targets in the same direction. This is
clear on a chain. At a fork, the two covers with a specified fork label start at the stem and at the
stem with the other fork node. The two successive occurrences of n in the type-B chain have the
same property.

Lemma 11.4 (Reflected raising). Let U < V = Pa be complementary blocks, with P > U, and let
Q complement P. If a block R satisfies R < U and deg R + a4 is a block degree, then

(11.11) SL(deg R + aq) < Q.
Proof. Suppose first that a is a left-arm label. With the notation of (11.10), write
P=X(1,J), V=X(I+a,J), U=X(K,J), Q=X(K-+a,lJ).

The covers in (11.10) are the only ones with label a. Thus the left ideal of R is I or K.

For R = X (K, H), the inequality X (K, H) < X (K, J*) is preserved on replacing the fixed left
ideal by K + a, by Lemma 11.2. This gives (11.11).

Now let R = X(I,H). From X(I[,H) < U < P = X(I,J) we have J ¢ H. If H,J are
incomparable, they are the two fork ideals, so H = J*. The sources I, K are comparable, and
X(I,J*) < X(K,J*) therefore gives I C K. The same inclusion holds for the targets, I +a C K +a,
and monotonicity proves the result.

We are left with H C J. Delete the nodes of J \ H from the greatest extension V = Pa. By the
restriction property in Lemma 11.2,

X(I+a,H)=X(I,H)a = Ra.

If R < U is decided inside the words, then Ra < Ua < @): appending the new node a to an extension
of K U J* is admissible. If R = U, their ideals agree and the same bound holds.

If R is a proper prefix of U, its nodes form an ideal in K U J*, so I C K. The node on the cover
I — I 4+ a belongs to K + a and has all predecessors in I. We may therefore append it to R and
complete the word to an extension of (K +a) Ll J*. The greatest such extension is Q, giving Ra < Q.
The proof for a right-arm label interchanges the two arms. O

A fork requires only the additional comparison of its two incomparable ideals. A chain truncation
alone would miss that case.

11.4. The degree-two word. Fix ¢ > 1. By Theorem 11.3, write
(11.12) SL;(6) =UV =UPa, Li=UP, U<P<V, deg@Q=06—degP =degU + q.

By the block recursion, Q > Ua > U. The equality P = @ is impossible because the ag-coefficient
of § is one.

Lemma 10.4 gives the first two blocks U, P of SL;(kd) for k > 2. Its proof uses the chain and
prefix results of Section 10.1, the identity |L;| = h — 1, and the absence of a root § — a, +
for distinct simple labels. This last assertion holds in both orthogonal types: the projection is a
difference of distinct simple roots, or +(6 + «.). The same chain result excludes an imaginary proper
Lyndon prefix. Thus in degree 2§ we may write

SL;(26) = UPST.
Lemma 11.5. The block S satisfies S < Q.



IMAGINARY LYNDON PERIODICITY IN UNTWISTED AFFINE TYPES 23

Proof. Suppose that S > ). Then UPS is a proper Lyndon prefix, hence real, standard, and
increasing. Its initial segment L; gives mi-index i. We claim that

(11.13) R:=degS — a4

is a block degree, so that we can apply Lemma 11.4.
For a left-arm label a, let x, 2’ be the left weights of U, Q. They occupy distinct coordinate axes
and satisfy Pra, = 2/ — x. Writing Prdeg S = y + 2, we have

Prdeg(UPS)=y+z—2' + 2.

The right component z is a signed coordinate, or zero in type B. For the sum to be a root, its left
component must be a single signed coordinate. This occurs only through the cancellations y = 2’ or
y = —x, which are exactly the two left covers with label a. Removing a thus gives an arm ideal in
either case.

For a right-arm label away from the short endpoint of B,,, interchange the arms in the same
calculation. A zero right weight in S gives no additional case: after subtracting a difference of
distinct signed right coordinates, there would be two right coordinates and a nonzero left coordinate,
which is not a root. At the short endpoint @ = n of type B, the right cover is

—ep, — 0 or 00— e,

If z is the right weight of S, the right component of Prdeg(UPS) is z — e,. It is zero or a signed
coordinate precisely for z = e, or z = 0. Removing «,, gives the zero state or —e,, respectively, and
proves (11.13) in this case too. The finite projection uniquely determines the arm states, and the
cover has label a, so the affine degree is indeed deg .S — .

We now have deg(UPS) = ¢ + R, so chain invariance makes R increasing with mi-index . Since
|R| < h, the maximal-prefix characterization in Section 10.1 gives SL(R) < L; = UP. Equivalently,
SL(R) < U by Proposition 4.1. The raising lemma 11.4 then gives S < @, a contradiction. u

When S = @, the remaining degree forces the fourth block to be V. Thus the lemma gives
(11.14) SL;(20) < Z :=UPQV = UPQPa.

For the reverse inequality, we need the costandard bracket in the new flag layer, not just its degree.
Put £ = PrdegU, n =Prdeg@, and v = Pra,. As in (10.13),

PrdegV = —¢, Prdeg P = —n, n—&§=1.

The first block of Z is smaller than the other three, so Z is Lyndon, with the costandard factorizations
(10.14)—(10.16). For Q < P, the first bracket is a nonzero multiple of H,t? in S? \ S ;, by the
standard factorization L;a. For P < Q <V, the second is a nonzero multiple of H5t2 in that layer,
by the selected bracket of UV'.

For P <V < @, the third bracket is nonzero if (n,£) # 0. In type D, the three roots &, n,~ have
squared length two, so n — & = 7y gives (1,£) = 1. The same value holds in type B unless both £, 7
are short. At the short endpoint, « has squared length one and &,n have squared lengths 1,2 in
some order, which again gives inner product one.

If both &,n are short, their right states are zero and a belongs to the left arm. All four
blocks then have the same right ideal Jy = Jj. With the notation of (11.10), the inequality
P=X(I,Jp) > X(K,Jy) =U gives K C I, since the sources are comparable. Hence K +a C I +a
and Q <V, contrary to the assumed order. Thus the only zero-inner-product case is excluded, and
the third bracket is a nonzero multiple of H¢t? in S?\ SZ ;.

We have b(Z) ¢ S? |, so the defining greedy order gives Z < SL;(25). Together with (11.14), this
proves

(11.15) SL;(20) = UPQPa,  SL¥(20) = UPQP.
For the prefix identity, U PQP is Lyndon and has the greatest possible proper length 2h — 1.
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11.5. Period, parent, and preperiod.

Theorem 11.6. In types By(Ll) and Dg), for every coefficient-two least letter and every i > 1, for
every k > 1, the notation of (11.12) satisfies

(11.16) SL;(k6) = UP(QP)*ta,  SL¥(k§) = UP(QP)*1.

The word min(P, Q) max(P, Q) is SL;(d) for a unique j < i. It is also the increasing-chain parent,
and the preperiod is

o {Lz, Q < P,
YiT1Lo, P<o.
In the first case the increasing-chain construction has no real append; in the second its sole real
append is Q).

Proof. The standard word UPQPa in (11.15) contains the Lyndon factor PQ if P < @, and QP if
@ < P. Factor closure makes that degree-§ word standard. Its first block exceeds U, so its index is
smaller than i. The propagation theorem [3, Proposition 6.32] now gives (11.16) from (11.15).

For the preperiod, use connectivity as established after Theorem 11.3. Let B = SL(M;1(3;)) be
the increasing-chain parent, and write y; = L;c as in Section 10.7. Comparing [4, Lemma 6.45] with
(11.16) gives

(QP)>* = cB*™.
A degree-6 word contains one 0 and is therefore primitive. Of its rotations, only QP and PQ) begin
with the least letter, and only the one with smaller first block is Lyndon. Hence B = QP for Q < P,
and B = PQ for P < Q.

The phase of the unique 0 gives ¢ = B? in the first case and ¢ = () B in the second, for some z > 0.
But the canonical nonincreasing Lyndon factors of ¢ are precisely the real appends. Their uniqueness
excludes every imaginary factor B, forcing z = 0. Thus the preperiod is L; or L;Q, respectively.
Taking finite projections also gives 8; = Prdeg L; or 3; = PrdegU, as in Theorem 10.10. g

For i = 1, [3, Proposition 6.25] gives the formula with period SL;(d), while [3, Theorem 6.14] treats
coefficient-one minima. Together with Theorem 10.9, this proves the classical part of Theorem 1.1.
The same cited theorem covers type A, whose Kac marks are all one.

11.6. Orthogonal flags and primitive lattices. Let v; be primitive in the direction of the ith
selected Cartan bracket, where primitivity is taken in @, ZH,_, not in the coroot lattice. In type
D, these columns are the crossing vectors e, + ¢,. In type B, the additional columns are ¢, for
a <, up to sign (a short coroot is divided by its common integral factor before use as a column).

Theorem 11.7. For a coefficient-two least letter, the imaginary flag subsystems have the following
forms:

Bni Al,...,At_l,Bt,...,Bn (1§t§n),

Dni Al,...,At_l,Dt,...,Dn (SStSTl)
Here the initial A-sequence is empty when t = 1, and D3 denotes the root system isomorphic to As.
If M has columns vy, ...,v,, then

(11.17) MZ" =77, |det M| =1 in type B,
(11.18) MZ" ={z€Z":3 ,24=0 (mod 2)}, |det M| =2 in type D.

Proof. For type D, apply the support argument of Proposition 8.1 to the crossing-edge graph. A
first disconnected edge would introduce two new coordinates on opposite sides of the cut. But the
same new flag layer contains the direction of the final letter in (11.9). That letter is not r, so its
two-coordinate support lies on one side of the cut, a contradiction. Hence every selected graph is
connected on its used vertices.
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By Lemma 8.2, the graph is a tree until its first unbalanced cycle, after which each added vertex
enlarges a full coordinate span. The corresponding subsystems are of type A and then D;. The case
t = 2 is excluded by irreducibility, since Dy = A; LU Ay. The final graph is unbalanced and unicyclic,
so the leaf expansion and parity-index argument of Theorem 8.4 give (11.18).

In type B, we must first show that a short column is selected before any unbalanced cycle. For
each left axis e, let z, € {e,, —€,} be the smaller left-arm state. On a right axis ey, the state —e
lies below zero and then e,. By Lemma 11.2, the complementary candidate beginning with weight
o — ep uses both smaller states. The short candidate with weights x,, —z, uses the same left state
and the larger right state zero, so it is strictly greater.

Call the crossing directions x, — ep the corner directions. After changing signs on the left axes,
the other crossing directions all become e, + ¢, and form a balanced bipartite graph. Suppose
that a corner direction is selected before any short column, and take the first such selection. By
Lemma 8.2, the preceding balanced graph has a signed coordinate-sum-zero span on each component
and contains no coordinate vector. The corresponding short candidate, which was scanned earlier,
would therefore have been independent and selected, a contradiction. Thus no unbalanced cycle can
precede the first short selection.

Before that selection, the graph is a forest. Its root subsystem is a direct sum of A-systems, so
irreducibility makes it a single tree. The first short column uses a vertex of this tree unless it is the
first selection altogether, since a new vertex would give a separate Bj factor. If this occurs at step ¢,
the resulting ¢ primitive columns span the full coordinate space on ¢ vertices. Their determinant
has absolute value one, as one sees by successively removing leaf rows until only the short column
remains.

After the span becomes full on its used coordinates, an independent column is either short on
a new coordinate or crossing with one old and one new coordinate. A crossing column on two
new coordinates would create a disjoint A; factor, contrary to irreducibility, while a column on old
coordinates is dependent. Each subsequent step therefore enlarges the full coordinate span by one
and introduces a unit pivot. This gives both the B-flag sequence and (11.17). O

12. THE PARENT TREE AND EFFECTIVE CONSTRUCTION

The earlier-parent relation recovers the finite Dynkin diagram. We also use the block model to
construct the imaginary words without first computing the intermediate affine root spaces.

12.1. Primitive periods and the parent tree.

Corollary 12.1. For fixed standard factors L;, R;, the period W; in Theorem 1.1 is unique. It has
degree 0, is not a proper power, and its infinite repetition has least period h = |8|. Its standard
Lyndon parent is unique.

Proof. Cancel L;, R; in degree 2 to recover the period uniquely. Its degree is §, so it contains
exactly one 0 and cannot be a proper power. Consecutive occurrences of 0 in its infinite repetition
are separated by h letters. Any period preserves those positions and is thus a multiple of h. The
unique Lyndon rotation of this primitive cyclic word is its parent. O

For a coefficient-two least letter, write p(i) < ¢ for the parent index when ¢ > 1. Let f1,..., 08,
be the simple roots of the increasing-chain positive system, indexed by the imaginary flag as in
Section 10.7.

Corollary 12.2. For types B, C, and D with a coefficient-two least letter, the edges
{Hip(D)}:2<i<n}

are precisely the edges of the underlying Dynkin diagram on B, ..., Bn. Orienting each edge toward
the smaller index gives a tree rooted at 1. Thus the parent graph is a path in types B and C and



26 PRANAVA KUMAR, ABHIJAY GANGARAPU, AND MANOLIS KELLIS

is the type-D tree in type D. The bond multiplicities and their orientations are recovered from the
lengths and pairings of the roots (;.

Proof. By Theorems 10.10 and 11.6, p(i) is the index in M;(f;). Flag connectivity, proved in
Theorem 8.3 and after Theorem 11.3, permits us to apply [4, Lemma 4.32]: this index is the unique
earlier simple root adjacent to ;. The n — 1 distinct parent edges therefore exhaust the Dynkin tree,
and their decreasing indices direct every path to 1. The Cartan integers 2(53;, 3;)/(Bi, i) determine
the bonds and their orientations. O

For example, take type Dfll) with 2 < 0 < 1 < 3 < 4. The first-endpoint rule gives U, = 2310 and
Vi = 24. The factors and parents are

.

SLZ' (5) L; W; Ri

231024 2310 231024 24
231240 23124 231024 O
230241 23024 231024 1
4 210243 21024 231024 3

All three noninitial words have parent 1, giving the trivalent vertex of Dy.

W N =

The zero state in type B produces a different integral behavior. In type B:gl) with 2 <0< 1< 3,
the selected words are
230231, 232310, 210233,

with primitive Cartan directions
—€1, €2, —€2 — €3.

These columns have determinant of absolute value one, in agreement with Theorem 11.7. The
noninitial periods are 230231 and 231023, with parents 1 and 2. Thus the zero state changes both
the block words and the primitive column lattice.

12.2. Polynomial preprocessing.

Theorem 12.3. Fiz type BS), 07(11), or DS) and an alphabet order whose least letter has coefficient
two in 0. All degree-6 standard Lyndon words, their standard factors, and their periods can be
computed using
O(n®logn) time, O(n®) space,

where the preprocessing time counts alphabet comparisons and elementary operations on O(logn)-bit
indices, and space counts stored alphabet symbols and indices. The retained factor table has size
O(n?). Thereafter a specified word SL;(k§) can be written in O(kn) symbol-output steps, which is
optimal up to a constant factor in its output length.

Proof. Each arm has O(n) ideals, with at most two covers at a state. Represent a state by its
position and, at a fork, its branch choice, so that inclusion and available covers can be tested in
constant time. We construct each block by its greatest linear extension (the grids of Proposition 5.3
are the case with no forks). There are O(n?) blocks, each of length at most h — 1 = O(n), giving
O(n?) time and space.

Pair complementary states, place the smaller block first, and sort the O(n?) candidates in
decreasing order. Their lengths are h = O(n), so comparison sorting costs O(n®logn). The Cartan
direction of a candidate is the projection of either block, up to a nonzero scalar. It remains to test
greedy independence for columns with one or two nonzero entries, all equal to 1 or —1.

We can perform this test without rational elimination. A retained two-entry column gives a
signed edge and a left-kernel equation x, = oz, while a one-entry column gives z, = 0. Traverse
each component and propagate signs from one vertex. As in Lemma 8.2, the component has one
free scalar unless an inconsistent cycle or a one-entry column forces it to zero.
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A new column is independent precisely when it pairs nontrivially with some vector in this left
kernel. The component signs and free scalars decide the test from its one or two entries. Since at
most n columns are retained, recomputing the component data costs O(n) per candidate and O(n?)
overall. Proposition 6.1 and its orthogonal counterpart identify these with the required degree-o
selections.

For the first selection, retain the factors U, Vi and period U, V. For each later pair UV, delete
the final letter a of V' to obtain P, find its complement (), and retain L; = UP, R; = a, W; = QP.
These are the required factors by Theorems 10.9 and 11.6. Their total length is O(n?), so we can
discard the block table. Expanding LiWikflRi takes time proportional to its length kh = ©(kn). O

For direct access at a zero-based position ¢, compare ¢ with |L;| and |L;| + (k — 1)h. In the middle
interval, read position (¢ — |L;|) mod h of W;; otherwise read the corresponding position of L; or R;.
No preceding letters need be written.

13. ALL UNTWISTED TYPES AND A UNIFORM PHASE FORMULA

We now allow ® to be any finite irreducible root system, with rank n and null-root height h = |4
for its untwisted affinization. The classical cases have been proved in arbitrary rank, while the
exceptional cases were verified for every alphabet order in [3, Remark 6.29]. Their combination gives
the untwisted theorem. Once this is available, we can recover the preperiod by a phase argument
independent of the Dynkin diagram.

13.1. Completion of the untwisted theorem.

Proof of Theorem 1.1 in all untwisted types. For a least letter of Kac mark one, apply [3, Theo-
rem 6.14]. The only remaining classical marks are two, treated by Theorems 10.9 and 11.6, including
the explicit factors in the second part of Theorem 1.1. This proves (1.1) in all classical cases.

The remaining root systems are Go, Fy, Fg, E7, Es. For each of them, [3, Remark 6.29] verifies
the word and standard-prefix identities in degree 29 for every alphabet order and imaginary index.
Proposition 6.32 of that paper propagates the identities to all positive multiples of d, and its
Remark 6.28 gives the parent condition. These prior computer-assisted verifications cover all
remaining cases in the classification. O

Thus every untwisted Kac mark is included. The exceptional part of the proof uses the cited
computer-assisted results, whereas the all-rank classical arguments and the structural deductions
below do not use this paper’s supplementary computations.

Proposition 13.1. For every untwisted affine type and every alphabet order, each imaginary flag
subsystem ®; is irreducible. Consequently the connectivity conjecture of [4, Conjecture 4.27] holds in
every untwisted type.

Proof. The coefficient-one case is [4, Lemma 4.31]. For classical coefficient-two minima, use Theo-
rem 8.3 and the consequence of Theorem 11.3. In every exceptional type and order, [4, Remark 4.30]
verifies

SLL(0) #SLE©G) (i > 1).
By Proposition 4.28 of that paper, these discrepancies imply irreducibility of each flag subsystem.
The exceptional input here is the cited discrepancy verification, rather than an implication from
periodicity alone. O

13.2. Recovering the preperiod from the insertion phase. We use the canonical factorization
¢ = ¢1 -+ ¢ into nonincreasing Lyndon words, with the empty factorization for the empty word.
The suffix in an insertion phase is controlled by the following elementary fact.

Lemma 13.2. If B is Lyndon and C is a nonempty proper suffix of B, then every factor in the
canonical Lyndon factorization of C is strictly greater than B.
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Proof. Write C = ¢ -+ -¢; with ¢; > --- > ¢;. The final factor ¢; is a nonempty proper suffix of B,
so B < ¢, and hence B < ¢; for every factor. O

Theorem 13.3 (Exact phase and preperiod). Fiz an arbitrary untwisted affine type, alphabet order,
and imaginary index i. Let L;, R;, W; be the factors in Theorem 1.1, and let B; be the unique Lyndon
rotation of W;. There is a unique factorization

(13.1) B; = A;C;, Wi = Ci 4, 0 <[Ci| <h.

The increasing-chain preperiod of [4, Definition 6.10] is

(13.2) yi = LiCs.

Its real appends, in their exact order, are the canonical Lyndon factors of C;. In particular,
(13.3) lyi| <2h —2, min{k > 1: |y;| < kh} < 2.

The onset index in (13.3) is one exactly when C; is empty, and is two otherwise. Moreover,
For i > 1, the parent index is strictly smaller than 7.

Proof. A degree-0 word has one affine letter 0, so it is primitive. Its Lyndon rotation and the
cut in (13.1) are therefore unique. By Proposition 13.1, the increasing-chain construction and
eventual-prefix theorem from Section 10.7 apply to every untwisted type. Write

y; = Lic, B = SL(Mi(5:)).

The word c is the nonincreasing concatenation of the real standard Lyndon appends. Compare the
eventual-prefix formula [4, Lemma 6.45] with (1.1) on arbitrarily long prefixes to obtain

(13.4) W = ¢B™.

Both periods have length h, so B is a rotation of W;. As B is Lyndon, it equals B;.
The unique occurrence of 0 in each period of (13.4) determines the phase:

le| = |C;|  (mod h), c=C;B}

for some integer ¢ > 0. By Lemma 13.2, all canonical Lyndon factors of a nonempty C; exceed B;.
Thus the canonical factorization of C;B] consists of those factors followed by ¢ copies of B; (with
no initial factors when Cj is empty).

The factors of ¢ are real, whereas B; has imaginary degree. Uniqueness of canonical factorization
therefore forces ¢ = 0 and identifies the appends with the factors of C;, proving (13.2). These factors
are standard by factor closure inside B;, and their lengths are less than h, so their degrees are real.
The inequalities |L;|, |C;| < h — 1 give (13.3).

If C; is empty, then y; = L; has length less than h. Otherwise y; # L;, so [4, Corollary 6.15] gives
lyi| > h. Equality is impossible because y; is real. Thus h < |y;| < 2h in this case, giving the exact
onset index. By [4, Lemma 6.11], degy; lies in the chain of (;, and its finite projection gives the
stated formula for g;.

Finally, Proposition 13.1 permits us to apply [4, Lemma 4.32]. For ¢ > 1, it identifies M;(3;) with
the unique earlier simple root adjacent to 3;, so the parent index is strictly smaller than 7. O

For coefficient-two classical minima, C; is empty or is the real block @, recovering Theorems 10.10
and 11.6. At a larger mark, several real appends may occur, but their complete ordered list is
obtained by factoring one proper suffix of the period. The greedy construction is unchanged, and
the suffix bounds the combined length of all appends.

Corollary 13.4. For every untwisted affine type and every alphabet order, orient the parent edge of
each i > 1 toward the index of B;. The resulting graph is the finite Dynkin tree on the increasing
simple roots B1,. .., Bn, rooted at 1.
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Proof. By Theorem 13.3, the period parent is M;(/3;). Proposition 13.1 and [4, Lemma 4.32] identify
it with the unique earlier Dynkin neighbor. As in Corollary 12.2, the n — 1 parent edges exhaust
the Dynkin tree. O

Corollary 13.5 (Reconstruction from two imaginary degrees). For a fized untwisted affine root
datum, the standard Lyndon words in degrees 6 and 20 determine the positive system of increasing
real-root chains. In particular, they determine whether every real-root chain is increasing or
decreasing, and recover the finite Dynkin diagram with its bond multiplicities.

Proof. Order both lists decreasingly. The first gives the standard factors L;, R;, which we cancel
from the corresponding word in the second to recover W;. Its Lyndon rotation gives B; and then
the suffix C; in (13.1). Theorem 13.3 recovers the increasing simple roots as 3; = Prdeg(L;C;).
By [4, Section 4], the increasing finite roots are the positive roots of this simple system. Thus a
real-root chain is increasing precisely when its finite projection has nonnegative coordinates in the
Bi basis. Corollary 13.4 gives the parent edges, and the Cartan integers 2(3;, 8;)/(8i, i) give their
bond multiplicities and orientations. ]

13.3. Uniform finite preprocessing. A general root-space recursion is slower than the explicit
classical construction, but gives a single polynomial preprocessing algorithm for every untwisted type
and every mark. We count rational arithmetic operations, not bit operations on the intermediate
integers.

Theorem 13.6. Given a finite irreducible root datum of rank n, a rational Chevalley bracket
table, and an order on its affine simple-root alphabet, all factors L;, R;, W; and preperiods y; can be
computed with O(n") rational arithmetic operations and alphabet comparisons, using O(n®) storage
locations. The retained factor table has size O(n?). Thereafter one word of degree kS can be written
in O(kn) symbol-output steps, and a specified letter can be accessed without expanding the word.

Proof. Apply the generalized Leclerc recursion in every positive root degree of height at most 2h.
The real roots in this range are

Y 7+57 5_’77 25_’7 (7€®+)7
and the imaginary degrees are d,29. Thus the number of retained basis words is
M = 49T | +2n = O(n?).

Here |®| = O(n?) and h = O(n) follow from the classification, with absolute constants across all
finite types and no dependence on the alphabet order.

There are at most M? ordered pairs of retained words. In each degree we form the admitted
concatenations, sort them decreasingly, and retain independent costandard brackets. A candidate
has length at most 2h. A longest-common-prefix table uses O(h?) space and supplies its substring
comparisons. Testing each substring against its proper suffixes then determines all Lyndon substrings
and costandard cuts in O(h?®) comparisons.

Evaluate a candidate’s costandard bracket along its binary tree. Every intermediate value is zero,
a scalar in a real root space, or an n-dimensional Cartan vector in an imaginary root space. Using
the Chevalley table, O(n?) arithmetic operations suffice for each bracket, and there are O(h) nodes.
Thus each candidate costs O(h® + hn?) = O(n3) operations. Sorting and rational independence
tests fit within the total O(M?n3) = O(n") bound. The candidate words occupy O(hM?) = O(n®)
locations, which also accommodate the comparison tables and root-space vectors.

Cancel in (1.1) to recover L;, R;, W; from the first two imaginary degrees. Theorem 1.1 makes
these the factors in every degree, and Theorem 13.3 gives y; after taking the unique Lyndon rotation.
The retained factors have total length O(nh) = O(n?). Expansion and direct access proceed as after
Theorem 12.3. 0
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The coefficient-two classical construction in Theorem 12.3 has the sharper bound O(n?logn).
Theorem 13.6 gives one finite construction for all untwisted types instead.

Corollary 13.7. For a fized untwisted affine type and alphabet order, the language of all imaginary
standard Lyndon words is

n
I=|JLW;R;.
i=1
The union is disjoint. It has an unambiguous finite automaton with O(nh) states, and its noncom-

mutative characteristic series is
n

> Li(1 - Wi) 'R,

i=1
Proof. Theorem 1.1 gives the language. If two such words agree, their lengths give the same
imaginary degree, and distinct standard-basis indices then cannot agree. For each i, concatenate a
path spelling L;, a cycle spelling W;, and a path spelling R;. The union has O(nh) states and is
unambiguous by this disjointness. Expanding the geometric series gives the characteristic series.
The state bound is for this unambiguous automaton, not for its determinization. O

14. SYMPLECTIC WEIGHTS AND RECTANGLE SWITCHES

For type C, with 1 <r <n and s = n — r, the block grid also has a weight-space interpretation.
Let E, F be symplectic spaces of dimensions 2r, 2s. Conjugation by +1 on £ and —1 on F' defines
an involution of sp(E @ F') with even part

sp(E) @ sp(F),
while its odd part is identified, using the symplectic form on F', with
Hom(F,E) 2 EQ®F.
The weights of this odd part are
Q={z+z:xe{te,:1<a<r} ze{te:r<b<n}}

These weights are the finite projections of the grid degrees. The involution records parity of the
a,-coefficient, as in the classical graded-Lie-algebra construction [8]. The greatest-shuffle words
retain the order-dependent data that the weight-space description omits.

Proposition 14.1. For every k > 1, a multiset of 2k grid blocks has total affine degree ké if and
only if the sum of its finite weights is zero.

Proof. The forward implication uses Prd = 0. Conversely, a zero-weight sum has degree t for an
integer ¢, since the kernel of finite projection is Z¢§. Each block has «,-coefficient one, so 2k = 2t
and t = k. 0

Write a weight as (z, z), with signed coordinates on the two sides of the cut, and record a multiset
by its multiplicities IV, .. It has zero weight precisely when the positive and negative multiplicities
balance at every unsigned coordinate. A rectangle switch exchanges the right coordinates of two
occurrences,

(14.1) (x,2), (@, 2) — (x,2), (2, 2).

The switch preserves all signed row and column totals, and hence zero weight. Repeated coordinates
and weights are allowed.
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Theorem 14.2. For every k > 1, each zero-weight multiset of 2k weights in §, can be transformed
into k antipodal pairs by at most k — 1 rectangle switches. More precisely, choose a perfect matching
L pairing opposite left coordinates and a perfect matching R pairing opposite right coordinates on
the labeled occurrences. If L U R has c¢ alternating components, then k — ¢ switches suffice. The
bound k — 1 is sharp when r,s > k.

Proof. The zero-weight conditions give both matchings. Their union consists of alternating even
cycles, including a two-edge cycle when a matching edge is common. Label a component on 2h
vertices so that
L = {Ulvg, V3V4, . . . ,’Ugh_l’vgh},
and
R = {Ugvg, V4Us5, . . . ,Q}thl}.

For h > 1, exchange the right coordinates at vy and vyp,. Replace the two affected right-matching
edges by vive and wvopvs, leaving the others unchanged. Now v, vo are antipodal in both coordinates,
and the remaining vertices form an alternating cycle of length 2h — 2. Induction separates the
component into h antipodal pairs in h — 1 switches. Summing over the ¢ components gives
k—c<k-1.

For sharpness, £ = 1 is immediate. If £ > 2, choose distinct left axes ey, ..., e, and right axes
fi,..., fr, and take

(ei, fi), (—ei,—fiz1) (A <i<k),  fo=/f
Each signed coordinate occurs once, so the opposite-coordinate matchings are unique, both initially
and after any switches. Their union begins as one alternating cycle and ends with £ components in
an antipodally paired multiset. A switch conjugates the right matching by a transposition of two
right labels. It leaves the matching unchanged if the two vertices are paired, and otherwise cuts and
reconnects two edges. The component count can increase by at most one, so at least k — 1 switches
are required. ]

Corollary 14.3. A multiset of four grid blocks of degree 26 either already consists of two antipodal
pairs or can be changed into such a multiset by one rectangle switch.

The switches in Theorem 14.2 act on labeled occurrences and their multisets, not on Lyndon
brackets. An insertion cut inside a block makes this distinction particularly important.

14.1. Zero-weight multisets in the orthogonal models. The symmetric-pair decomposition
for orthogonal spaces E, F' has even part

so(E) @ so(F)

and odd part E ® F. Taking dim F = 2r and dim F' = 2s in type D, or dim F' = 2s + 1 in type B,
gives exactly the weights Q2p, Qg of Proposition 11.1. If s = 0 in type B, the one-dimensional F’
contributes only its zero weight. This is the orthogonal version of the model in Section 14.

Corollary 14.4. In either orthogonal type, a multiset of 2k coefficient-one blocks has degree ké
precisely when its finite weights sum to zero. Every such multiset can be changed into k antipodal
pairs by at most k — 1 rectangle switches. More precisely, opposite-coordinate matchings whose union
has ¢ alternating components require at most k — ¢ switches. The bound k — 1 is sharp when r,s > k.

Proof. The degree assertion follows from finite projection and the a..-coefficient, as in Proposition 14.1.
For type D, apply Theorem 14.2. In type B, the nonzero signed right coordinates have balanced
positive and negative multiplicities and hence even total multiplicity. The zero right coordinates
therefore also occur an even number of times. Pair them with one another and apply the same
alternating-cycle argument to obtain k£ — ¢ switches, allowing zero among the exchanged coordinates.
The sharpness example from Theorem 14.2 uses no zero coordinates, so it applies to both types. [
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15. POINTED CUTS AND THE LIMITS OF COMMUTATIVE STRAIGHTENING

To retain the phase of an insertion, we keep a cyclic list of grid-block words with their affine
degrees, a linear basepoint, and a distinguished cut. The cut may lie inside a block or at its boundary.
A change of basepoint transports the cut along this same cyclic list without replacing the words by
weights.

Write a complementary candidate as UV = UPR, with () complementary to P. Insertion takes
place after UP. If the parent is PQ), the period at that cut is QP, as expressed, for every t > 0, by

(15.1) LQ(PQ)'P = L(QP)™!.

If the parent is already QP, no initial @ is needed. Equation (15.1) is an identity of concatenations
only: it does not assert that a rotation is Lyndon or that different internal cuts give the same
bracket.

15.1. A rectangle need not preserve a Cartan direction. Already in type C’él), the two
complementary pairs give independent imaginary directions. Under 1 < 0 < 2, their words are 1012
and 1120, and their brackets have directions

b(1012) € Q% Heyyept,  b(1120) € Q% He, eyt

Thus even up to a nonzero scalar, the two brackets are not identified by the commutative rectangle
relation on their weights.

15.2. The internal prefix cut changes the bracket. Let a = F1, b = Ey, and ¢ = FEs in the
same example. The costandard bracketing and the Jacobi identity give

b(1120) = [a, [[a, c], V]
= [[av [a7 CH? b] + Hav C], [a’7 bH
(15.2) = [b(112), Ep] — b(1012).

Cutting after the longest proper Lyndon prefix 112 gives direction 2H,,t. Subtracting the earlier
direction He, y¢,t leaves H,, _,t. This correction is visible in the imaginary flag but not in the
unbased block multiset.

15.3. The order-dependent conclusion. A Grébner—Shirshov presentation would require ordered
relations and verification of their compositions; rectangle switches do not provide these. The result
in Section 10.8 instead identifies the greatest word with nonzero class in the prescribed flag quotient:
the pointed degree-20 word survives, and every greater Lyndon word has zero class.

16. FURTHER DIRECTIONS

The untwisted periodicity and connectivity theorems use the previously verified computer-assisted
exceptional cases. It remains of interest to replace those finite verifications by a type-independent
analytic argument. The phase proof in Theorem 13.3 does not do this, since it begins with the
insertion formula already established.

For twisted types, the imaginary multiplicities and the Cartan spaces used in the greedy selection
can vary with the degree, so the same degree-d indexing cannot apply to every family. The companion
note proves finite blocks at every affine Kac mark, nonzero bracketing of primitive zero-weight
configurations, and the insertion formula in Ag) for both orders. Its divisibility-stratified extension
to the other twisted families remains conjectural and is not supplied by untwisted propagation.

A quantum version would require compatible leading-term and triangularity results in addition to
the classical bracket calculation. The constructions in [5] give a setting for that question, which we
do not treat here. A full Grobner—Shirshov presentation would likewise have to retain the pointed
cut and verify critical compositions, rather than use commutative rectangle switches as bracket
identities.
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